A SIMPLER MALTSEV CONDITION FOR LOCALLY FINITE
DIFFERENCE TERM VARIETIES

Following [3, Def. 5.2], given congruences «, 3, of an algebra, define 7(a, 3,7) to
be the transitive closure of S U (N (yo (N f)o7)).

The next theorem is shown by combining results of Kearnes and Szendrei [2, 3]. It
slightly improves an observation made in passing at the end of section 1 in [4].

Theorem 0.1. Let V be a variety for which ¥\,(2) is finite. The following are equiv-
alent:

(1) V has a difference term.
(2) For all A €V and a, 3,y € Con A,

an(Boy)C(ant)oyofp

where T = T1(a, 5,7).

(3) For some n there exist idempotent terms fi(x,y,2), gi(z,y,2), 0 < 1 < 2n,
and p(x,y, z) such that the following are identities of V:

a) fO(xvyvz) ~T

) fl(.fll', y,l') ~ gi(x>y7 [L’) fOT' all i.

) fz(xa Qf,y) ~ gi+1(9€, x?l/) fOT' i <n and fn(xax7y) ~ gO('xa x??/)

) fori(z, 2, y) = gnai(x, 2, y) for 1 <i<n.

) filz,y,y) = fori(z,y,y) and gi(2,y,y) = gnsi(@,y,y) for 1 <i<n.

) 9o(z,y,y) = p(z,y,y) and p(z,z,y) = y.

Moreover, if f;, g;,p are terms satisfying the identities in (3), then p is a difference

term for V and the pairs (f;, g;) witness [4, Theorem 1.2(3)].

Proof. (2) < (3) is established in the standard way, and (2) = (1) follows from [4,
Theorem 1.2 (2) = (1)] because 7 < By : =BV (a A (7 V (a A B))).

To prove (1) = (3), we can replace V by the subvariety of V generated by Fy,(2),
since the identities in (3) are two-variable identities. Thus we can assume that V is
locally finite. Let F = Fy(z,y, 2) and as usual let a = Cg¥ (2, 2), 8 = Cg¥(z,) and
v = Cg¥(y, 2). Also let 7 = 7(a, 3,7). By finiteness of F and [3, Lemma 5.3], o — 7
contains no 2-snags, so « is solvable over aw A 7 by [1, Theorem 7.2]. Hence there
exists m > 0 such that so that [a]™ < 7.

By [2, Lemma 2.7], there exists a term p(z,y, z) such that V | p(z,z,y) =~ y
and (z,p¥(z,2,2)) € [a]™. Hence (z,p¥(x,2,2)) € anT,s0 (z,2) € (aNT)oyo}f
witnessed by p¥(x,z,2) and pF(z,y,2). The identities then follow in the standard

way, and the “Moreover” claim follows from arguments in [4, Theorem 1.2]. 0J
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