NOTES ON CENTRALITY RELATIONS,
TERM CONDITIONS, AND COMMUTATORS

RALPH FREESE

Let A be an algebra and let S and T be tolerances on A. Let M (S,T),
or M2 (S,T) to emphasize A, be the set of all 2 x 2 matrices of the form
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where f(x,y) is an (m + n)-ary polynomial of A, a S b, and uT v (com-
ponentwise, of course). The members of M (S,T) are called S, T-matrices.
The first exercise gives an efficient way to find M (S, T).

EXERCISES
1. Show that M (S, T) is the subalgebra of A* generated by
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2. Use the symmetry of S and T to show the matrix obtained from an
S, T-matrix by interchanging the rows or columns (or both) is also
in M(S,T).

3. M(T,T) is closed under taking transposes.

CENTRALITY RELATIONS

We define four kinds of centrality, called centrality, strong centrality, weak
centrality, and strong rectularity. The is a fifth centrality condition known
as rectangularity which we will save for later.

Let  be a congruence and S and T be tolerance relations on A. The above
centrality relations are denoted C(S,T;6) (centrality), S(S,T;0) (strong
centrality), W(S,T; ) (weak centrality), and SR(S,T;d) (strong rectangu-
larity). They hold if the appropriate implication below holds for all

{p q} e M(S,T)
r s
centrality: pd g = rd s.
strong rectangularity: pd s = r J s.
weak centrality: pdqd s = rd s.
strong centrality holds if both centrality and strong rectangularity
hold.
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Using the exercises it is easy to see that the implication defining C(S, T’; 0)
can be replaced by r § s = p § ¢ and this is equivalent to

podqg<=>r10s.

Similar statements hold for the other conditions: weak centrality is equiva-
lent to saying that if any three of p, ¢, r and s are § related, then they all are.
And strong rectangularity says that if the elements of the main diagonal, or
of the sinister diagonal, are ¢ related, then all four are.

The S,T-term condition is the condition C(S,T,0), usually expressed
using the right-hand matrix in (1). Other kinds of term conditions are
defined similarly.

If C(S,T;0;) holds for all i € I, then C(S,T;/\,c;d;) holds. Similar
statements hold for the other centrality conditions. So there is a least
such that C(S,T;9) holds. This § is the commutator of S and T, and
is denoted [S,T]. The commutators for the other centrality relations are
denoted [S,T]s, [S,T|sr, and [S,T]w.

The properties of these centrality relations are coverered in Theorem 2.19
and Theorem 3.4 of [3]. Much stronger properties hold in congruence mod-
ular varieties; see [1].

EXERCISES

1. As defined in [2], § is strongly Abelian over § (6 < 3, both congru-
ences on A) if the following implication holds for all polynomials
f and all elements xg,...,Tn_1, Y0,---,Yn—1, and z1,..., zp,—1 with
zoByandx; By; Bz,i=1,...n—1.
f(x()a cee 71'71—1) 6 f(y(b cee 7?/n—1)
= f(wo,21,---,2n-1) 6 f(Y0,21,- -, 2n-1)

Show that 3 is strongly Abelian over § if and only if S(f, 5;d) holds,
and also show this is in turn equivalent to SR(f3, ;).
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